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ψ : Rt × Rdx → CM

with

d� 1 and ‖∇t,xψ‖ � 1



Self-adjoint operator Ĥ

Schrödinger equation: iε∂tψ = Ĥψ

Unitary propagator Ut = e−iĤt/ε

0 < ε� 1



Energy function H smooth, subquadratic

Hamilton equation: żt = Ω∇H(zt)

Symplectic flow Φt : R2d → R2d



Herman–Kluk propagator

cf. Herman/Kluk ’81, Kay ’06,

Swart/Rousse ’09,

L/Sattlegger ’16



ψ = (2πε)−d
∫

R2d

〈gz, ψ〉gz dz

gz(x) = (πε)−d/4 exp
(
− 1

2ε|x− q|
2 + i

ε p · (x− q)
)



Utψ = (2πε)−d
∫

R2d

〈gz, ψ〉Utgz dz

!≈ (2πε)−d
∫

R2d

ut(z)〈gz, ψ〉 eiSt(z)/εgzt(z) dz

ut(z) =
√

2−d det (∂qqt(z) + ∂ppt(z) + i[∂pqt(z)− ∂qpt(z)])



It = (2πε)−d
∫

R2d

ut(z)〈gz, •〉 eiSt(z)/εgzt(z) dz

satisfies ‖It − Ut‖ ≤ Ct,H ε.

If |Φ̃τ −Φτ | ≤ c τγ is symplectic, then ‖Iτ − Ĩτ‖ ≤ C̃c,H τγ/ε.



Itψ = (2πε)−d
∫

R2d

ut(z)〈gz, ψ〉 eiSt(z)/εgzt(z) dz

≈
1

N

N∑
j=1

ũt(zj) rψ(zj) eiS̃t(zj)/ε gz̃t(zj)

with z1, . . . , zN ∼ µψ.



d = 6, ε = 0.01

computing time on a desktop computer: 5 resp. 30 minutes



LSC-IVR

cf. Miller ’74, Lee & Scully ’80, Heller ’81,

. . . , L & Röblitz ‘10



Egorov’s theorem,

∥∥∥U∗t Â Ut − Â ◦Φt

∥∥∥ ≤ Ct,A,H ε2,

implies

〈
Utψ, Â Utψ

〉
≈

〈
ψ, Â ◦Φtψ

〉
.



〈
ψ, Â ◦Φtψ

〉
=

∫
R2d

(A ◦Φt)(z)Wψ(z)dz

≈
1

N

N∑
j=1

(A ◦ Φ̃t)(zj)

with z1, . . . , zN ∼Wψ.
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Surface hopping

cf. Bjerre/Nikitin ’67, Tully/Preston ’71,

Voronin/Marques/Varandas ’98,

L/Teufel/Fermanian ’03 –’16





Let H = λ+Π+ + λ−Π−.

If A = Π±AΠ± and (. . . ), then

∣∣∣∣
T∫

0

( 〈
Utψ, Â Utψ

〉
−
∫

R2d

(LtA)(z)Wψ(z)dz
)
dt

∣∣∣∣ ≤ CT,A,H ε1/8.



The semigroup Lt combines

⊕ classical transport along λ+ and λ−,

⊕ hops between the surfaces, when t 7→ (λ+−λ−)(zt) is minimal.

The hopping probability comes from a Landau–Zener formula.







Computational semiclassics

(Summary)

1. Herman–Kluk propagator

2. LSC-IVR (Egorov’s theorem)

3. Surface hopping


